The use of the Boson Loop Expansion is proposed for investigating the static properties of nuclear matter. We consider a schematic dynamical model in which the interaction is carried by the scalar-isoscalar σ meson. The suggested approximation scheme is examined in detail at the mean field level and at the one-and two-loop orders. The relevant formulas are provided to derive the binding energy per nucleon, the pressure and the compressibility of nuclear matter.
Introduction
Functional integral methods have been extensively used over the years to provide useful approximation schemes in many different areas of physics, in both the perturbative and the non-perturbative regimes [1] [2] [3] [4] [5] [6] . Some of these approaches are based on loop expansions. In particular, the so-called Boson Loop Expansion (BLE) has been proposed as a suitable tool to formulate consistent approximation schemes for non-perturbative calculations in nuclear physics [7] [8] [9] [10] [11] [12] [13] . The underlying idea is simple: it amounts to replace the nucleonic degrees of freedom with an auxiliary bosonic field and then to carry out a loop expansion in terms of this bosonic field. This expansion has been applied to the calculation of the electromagnetic nuclear response functions and provided a good framework to understand the reaction mechanisms [11] . It has also been used with success for the evaluation of the hypernuclear weak decay rates [13] .
Actually, the BLE provides some advantages with respect to other approximation schemes, such as the rigorous preservation of sum rules and general field theory theorems, but the underlying dynamics still needs to be more firmly settled. At the same time it is of interest to investigate other observables such as the static properties of nuclear matter and neutron stars, in order to cross-check the indications coming from the previous calculations. Besides, this approach is particularly suited to deal with a relativistic description and, in addition, it is stable against sizeable increases of the nuclear density.
Particular attention has to be payed to the adopted dynamical model. In a relativistic frame, quantum hadrodynamics (QHD) models [14] are often employed, sometimes at face to calculations based on realistic nucleon-nucleon potentials as in the case of the Bonn meson exchange model [15] . These two schemes started from quite different points of view, but in recent times the evolution of their results has significantly reduced the gap. QHD is mainly based on the σ-ω interference, while the Bonn potential replaces the σ meson exchange with two pion exchange together with the simultaneous excitation of one or two intermediate nucleons to ∆ resonances (box diagrams). From a phenomenological point of view, this seems to favour the Bonn approach for the calculation of the equation of state of nuclear matter. However, a G-matrix calculation based on the Bonn potential is quite cumbersome and some selfconsistency effect of relativistic origin is generally neglected. In this context, calculations are usually limited to the Lowest Order Brückner Theory, that implies lowest order in the nuclear density: a limitation which is acceptable in nuclear matter calculations, but less so in addressing dense baryonic matter such as in neutron stars.
In this paper we develop the theoretical formalism of the BLE within a simple dynamical model containing nucleons and σ mesons. We provide the relevant formulas which are needed to derive the static properties of nuclear matter up to the two-boson-loop level, in view of a future application to QHD. Numerical calculations at the one-and two-loop orders will be presented in a forthcoming paper, which will be devoted to discuss in detail the contact with the phenomenological aspects of the present approach.
The paper is organized as follows. Section 2 is devoted to a brief introduction to the general formalism employed in the functional approach for the evaluation of the static properties of nuclear matter. In Section 3 a bosonic effective action is derived for a system of interacting nucleons and σ mesons. The elementary vertices entering this effective action are analysed in some detail in Section 4. In Section 5 we deduce the BLE as a Semiclassical expansion around the (mean field) solution given by the stationary phase approximation. Finally, in Section 6 we comment on the future perspectives opened by the present work.
The functional method -General formalism
To construct the formalism we consider a simplified situation where a σ meson interacts with a massive fermion field (e.g., the nucleon) according to the Lagrangian density
By adding an inessential four-divergence −(1/2)∂ µ (σ∂ µ σ), this Lagrangian can be recast in the following form:
where
formally define the free nucleon and σ propagators S 0 and D 0 in coordinate space. In momentum space, these propagators read:
The classical action corresponding to the Lagrangian of Eq. (2) is given by
where the σ and nucleon fields have to be interpreted as scalar and Grassmann variables, respectively. In a path integral approach, the whole dynamics, i.e., the whole hierarchy of Green's functions, can be deduced from the generating functional
where N is a normalization constant while η,η and J denote the external (classical) sources of the nucleon and σ meson fields. From the knowledge of Z one can derive the nucleon Green's functions by functional differentiations with respect to η andη. The response function to a scalar-isoscalar probe is obtained, instead, by derivatives with respect to J. Other external sources coupled to composite fields could also be added: for instance, couplings of the kindψ(x)ψ(x)ρ(x) permit the evaluation of the response function through a double derivative of Z with respect to ρ.
The static properties of the system follow from the partition function Z(β) which can be obtained from the generating functional of Eq. (8) by:
(1) setting the external sources to 0; (2) performing a Wick rotation, namely replacing, in the exponent, the time integration (extended from −∞ to ∞) with an integration over the imaginary time τ = it extended from 0 to the "inverse temperature" β ≡ /(k B T ) = 1/T ; (3) replacing the Hamiltonian operatorĤ = d 3 x H(x) withĤ−µN , µ being the nucleon chemical potential andN = d 3 xψ(x)γ 0 ψ(x) the nucleon number operator; (4) setting N = 1.
By applying these rules, one gets
.
The Euclidean Lagrangian density L E is obtained by replacing t with −iτ in the Minkowskian Lagrangian (2) and reads
where we have denoted the Euclidean space-time coordinates with an upper bar [x = (τ, x),ȳ = (τ y , y)] and H is the (Euclidean) Hamiltonian density. In the zero temperature limit (T → 0), the propagators appearing in this expression are given by
The corresponding propagators in momentum space are obtained from Eqs. (5) and (6) with the replacements k 0 → ik 0 + µ and q 0 → iq 0 and turn out to be
Once the partition function Z(β) is known, the ground state (T = 0) energy of nuclear matter follows from the relation
A ≡ N being the total number of nucleons. Note that the nucleon chemical potential is related to the Fermi momentum by
where m * is the nucleon effective mass which follows from the dynamics underlying the Lagrangian (2), as it will be specified in the next Section [see Eq. (35)]. In the next Section we shall introduce an approximate scheme to evaluate the ground state energy and therefore the binding energy per nucleon:
where ǫ ≡ E/Ω and ρ ≡ A/Ω = 2k 3 F /(3π 2 ) are the energy density and the number density of nuclear matter, respectively. Note that, even if, for convenience, we are implicitly considering symmetric nuclear matter (k Fn = k Fp = k F ), all the results we present here can be easily adapted to asymmetric nuclear matter.
Once the energy density ǫ is evaluated, other observables are accessible. Pressure (and hence the equation of state) and compressibility are indeed given by the thermodynamical relations:
and
Other quantities, such as for instance the symmetry energy, could also be addressed, but they involve the dynamics of isovector mesons, which has been recently studied in Refs. [16, 17] , and will be considered by us in future investigations.
Within the present path integral method, the problem of evaluating the static properties of nuclear matter requires the elaboration of approximation techniques in order to compute the functional integral which defines the partition function (9).
The Bosonic Effective Action
As stated in the Introduction, we shall concentrate here on the approximation scheme given by the Boson Loop Expansion [7, 11] . As a first step to deduce such an expansion, one has to introduce a bosonic effective action corresponding to the Lagrangian density (2) . This is the specific purpose of the present Section.
Since we shall focus our attention only on the boson-like observables of Eqs. (15)- (19), we can safely putη = η = 0 in the generating functional of Eq. (8) from the beginning. In this case the functional integral can be converted into an integral over bosonic variables only, by simply integrating out the fermionic field, thus obtaining
By using well known properties of the following Gaussian integral over Grassmann variables: 
Note that, in this expression, space-time integrals are also contained in the traces, in addition to a sum over spin and isospin. The trace of the log acquires a meaning only through its series expansion (second line of Eq. (21)) and Tr[S 0 gσ] n is a short notation for
where the factor 4 originates from the spin-isospin sum. In addition, the term
is related to the non-interacting fermionic part of the path integral by
At this stage, this term is irrelevant, since it does not contain the functional integration variable σ(x) and is thus canceled by the (usually omitted for short, but nevertheless always present) normalization factor.
Let us stress that, although the fermionic degrees of freedom have been integrated out, their influence on the generating functional (20) remains unaltered.
When going to the Euclidean space-time, namely in evaluating the partition function instead of the generating functional, the free propagators (5) and (6) must be replaced by their Euclidean versions (13) and (14). Furthermore, each time integration must undergo the substitution dt = −idτ and is carried out in the interval [0, β]. The quantities Tr[S 0 gσ] n entering the last term in the second line of Eq. (21) are replaced by
The Euclidean bosonic effective action is thus
and the partition function takes the form
Here,
is the partition function for an assembly of non-interacting nucleons and the remaining functional integral in Eq. (27) represents a system of self-interacting bosons.
The interaction terms of Eqs. (22) and (25) are built up with closed fermionic loops, either in the Minkowskian or Euclidean space, and play a central role in the present treatment. It has been shown in Refs. [8, 18] that, within a non-relativistic kinematics, they can be either evaluated explicitly or at least reduced to the evaluation of a one-dimensional integral. Note however that the difficulties met in Refs. [8, 18] mainly derived from the kinematical singularities in Eq. (22) . The use of the Euclidean metrics shifts all of them in the complex plan, considerably facilitating the numerical integrations. Since these interaction terms represents the building blocks of the BLE, they require a careful treatment. Relativistic calculations are much more sensitive to the dynamics of the mesons with respect to non relativistic evaluations. In the latter, indeed, at least in most practical cases, the mesonic dynamics is frozen (the meson exchange is reduced to a static potential) and it is reflected in some spin operators which are easily traced out. On the contrary, in a relativistic approach convective currents systematically arise. We shall discuss in the next Section how some archetypal cases may be constructed and how one can handle more complicated dynamics.
To evaluate the integral over the bosonic degrees of freedom in the generating functional (20) , or equivalently in the partition function (27), we adopt the Semiclassical method. The lowest order of the Semiclassical expansion, i.e., the mean field level, corresponds to the stationary phase approximation, which is also called the saddle point approximation in the Euclidean space. At this stage, one has to require the bosonic action to be stationary with respect to arbitrary variations of the scalar-isoscalar field σ:
The following equation of motion for the field σ is thus obtained:
We thus recognize that σ cannot be vanishing at the mean field level, since the first term of the sum in Eq. (30) is just a fermionic line closed onto itself:
the factor 4 originating from the trace on spin and isospin. The above quantity, corresponding to a tadpole, is obviously divergent but, if we adopt the renormalization techniques of the vacuum subtraction widely studied in Ref. [19] , it becomes finite and non-trivial. As a matter of fact, the renormalization procedure described in that work amounts to subtract, from each elementarily divergent subdiagram in a Feynman diagram, its value taken at vanishing Fermi momentum. The case at hand is the simplest one, but at the same time it emphasizes the peculiar role played by the scalar-isoscalar field, which is indeed the only meson field generating a tadpole, even in the vacuum, where any other meson field has vanishing expectation value.
For static, infinite nuclear matter, the mean field solution is uniform in space and time, thus in the field equation (30)
where vacuum subtraction must be understood. The mean fieldσ is then obtained by solving the following self-consistency equation:
where we have introduced the Hartree-dressed nucleon propagator
in momentum space it reads
Moreover, E *
is the nucleon effective mass. From a diagrammatic point of view, self-consistency amounts to account for diagrams like those of Figure 1 , in which each nucleon propagator is dressed by the Hartree self-energy.
In view of an application of the present scheme to QHD, one has to consider the contribution of the vector-isoscalar meson ω as well. The ω mean field is obtained asω
without any self-consistency condition because the nuclear density
is now implied instead of the scalar density ρ S ≡ ψ ψ . The relativistic (Lorentz contraction) effect stemming from the difference between the two mean values was already noted long time ago by Lee and Wick [20] and ultimately entails a restoration of the chiral symmetry at sufficiently high density. 
and the coupling to the external field changes to (σ+σ)J. Note that a compact notation has been used for the first two terms of the effective action (37). Their explicit expression reads:
Next, one can write
as it can be easily verified keeping in mind Eq. (33) and by rewriting the series in terms of the corresponding log's. By using Eq. (32), the n = 1 term in the first sum of the rhs of Eq. (39) reads:
so that no linear term in σ enters the effective action:
Let us remark that the constant terms in A B eff are irrelevant as far as we are concerned with the generating functional, but they matter in evaluating the partition function; for this reason, they have been retained in the above effective action. By using the definition (23), one can recognize the following reordering
We then consider the partition function. 
with
In this expression, space-time integrations are understood for the free σ contribution, but in the second, constant term in the rhs, the time (β) and volume (Ω) integrations have been made explicitly.
The elementary vertices of the bosonic action

We analyse now the elementary vertices corresponding to Tr[S H gσ] n and entering the bosonic effective action (40). When embedded in a Feynman diagram, a term Tr[S H gσ]
n is represented by a fermionic loop with n external points; a boson propagator is attached to each one of these points, including the spin and isospin matrices which pertain to the specific boson. Isospin traces only factorize out a real number, but the possible presence of γ matrices, as it is the case for the ω exchange, entails a non-trivial dependence upon the momenta, which is usually neglected in non-relativistic calculations. In this section we only consider some archetypal structures. More realistic situations need to be dealt with individually.
Let us first fix the kinematics. A loop with N +1 incoming or outgoing mesons will depend upon N momenta p k , with p N +1 = − N k=1 p k fixed by momentum conservation. To simplify the notation, it is convenient to define N auxiliary momenta according to
The kinematics is clarified in Figure 2 . With these definitions the generic vertex in momentum space reads
where the O i are matrices whose particular form depends on the bosonic field(s) one considers.
Actually, even the simplest case, namely the exchange of scalar-isoscalar mesons, is rather involved, because the traces over the γ matrices are nontrivial. In order to handle this case, we introduce a set of auxiliary functions as follows. Let us start by defining the quantity
where E k = √ k 2 + m 2 , which allows us to write the nucleon propagator in nuclear matter with Fermi momentum k F as follows:
Then we introduce the auxiliary functions
Following Refs. [8, 18] we integrate over p 0 by closing the integration path with a half circle in the lower half plane, getting
Note that the result displays a sum of products. Each term in the product is in turn a sum of three pieces, with denominators that vanish for q i0 − q j0 − (E p+q i − E p+q j ) = 0 (first term), q i0 − q j0 − (E p+q i − E p+q j ) − iη = 0 (second term) and q i0 − q j0 + E p+q i + E p+q j − iη = 0 (third term). In the first term, at variance with the others, no prescription is given about how to handle the singularity. This happens because the singularity is removable. In fact if we take the i-th term of the product in the j-th term of the sum we find the above singularity; but, if we exchange i and j we find the same singularity with the sign exchanged, so that the singularity is removed. Thus, being irrelevant, we can formally add to the denominator of the first term an infinitesimal factor +iη sign(q i0 −q j0 ). Coming to the second singularity, due to the θ functions we have E p+q i −E p+q j < 0 and the denominator can vanish only when q i0 −q j0 < 0. Thus, the −iη can be safely replaced by +iη sign(q i0 − q j0 ). Finally, the same argument holds a fortiori for the last term. In this way, the first two terms sum up together, thus canceling the θ functions. Then, also the last term recombines, yielding
Renormalization must then be performed via vacuum subtraction, and this last step is now particularly easy, providing the final result
The transition to the Euclidean space is even simpler, because in the replacement q i0 → iq i0 +µ the chemical potential cancels out, while the +iη sign(q i0 − q j0 ) becomes irrelevant, so that:
Relativity forces in the elementary vertices of the bosonic effective action many complications with respect to the non-relativistic case discussed in Refs. [8, 18] , and no general formula may be given in the relativistic case. In Ref. [21] a detailed study of the two-point vertices has been carried out. Here we only want to illustrate with an example how a simple, but yet non-trivial, case may be reduced to the evaluation of auxiliary functions Π (N +1) (q 0 , . . . , q N ). Let us consider the emission of three σ mesons from a three-point fermionic loop. The vertex we are interested in is
(the sign of the iη has been discussed in the above and does not matter in what follows). By performing the traces, the numerator of the integrand becomes
that with some algebra can be recast in the form
Inserting this result in Eq. (52) we get
Thus, in this particular case (but the procedure can be systematically generalised) we see that a realistic three-point vertex is reduced to the evaluation of the auxiliary vertices Π (3) and Π (2) .
The Bosonic Loop Expansion
In order to explicitly evaluate the partition function (42), which through Eqs. (15)- (19) supplies the static properties of nuclear matter, an approximation scheme is required. As in Refs. [7, 11] , we use a Semiclassical expansion at the leading and next-to-leading orders: this amounts to evaluate first the partition function at the saddle point and then to evaluate the quadratic quantum mechanical fluctuations around the saddle point.
The standard Semiclassical approximation consists in an expansion in powers of . By making explicit the dependence on this constant, one realizes that a factor −1 appears in front of the original action for fermions and bosons [see Eq. (8)]. However, after integration over the fermionic fields, Planck's constant has also been spread inside the new bosonic effective action of Eqs. (40) and (44). Thus, the use of the stationary phase approximation does not lead to the standard Semiclassical expansion in powers of . In this case, the ordinary way to proceed [5, 6] is to introduce a dimensionless parameter a −1 (a being small) in front of the bosonic effective action, to expand in powers of a and finally to set a to 1 at the end of the calculation at any given order in a.
The bosonic effective action of Eq. (40) [equivalent to the Euclidean action (44)] has been constructed in such a way that the corresponding mean field equation only admits the solution σ = 0: no term linear in σ is present in this effective action. Thus, we first separate in A B E eff of Eq. (44) the terms quadratic in σ from the higher order ones. By applying this procedure, from Eq. (42) we obtain the partition function in the form
In the above, A B0 E eff contains the part of the effective action which is quadratic in σ and A BI E eff the remaining effective interaction:
More explicitly, a first contribution to A B0 E eff comes from the free bosonic field while a second one originates from the first term of the effective interaction in Eq. (44) and reads 1 The introduction of the term with the external source J will be useful for later manipulations of the functional integral (see Eq. (65) and Section 5.3). The factor √ a in front of the external source will be explained later.
which implicitly defines the equivalent of the Lindhard function in the relativistic Euclidean case, Π 0E . The trace in the rhs of Eq. (56) (the symbol tr) only refers to spin-isospin indices; in this case it just amounts to an implicit factor 4. Thus:
where we have introduced the Euclidean Random Phase Approximation (RPA) propagator ∆
with the diagrammatic representation given in Figure 3 . Actually, only direct ring contributions enter into this propagator.
+ ... + = + 
Mean Field
The mean field contribution (σ = 0) to the partition function (54) comes from the constant in front of the functional integral:
It is well known that
, where E * p = p 2 + m * 2 and λ is a spin-isospin index, is nothing but the partition function of a relativistic free Fermi gas up to the replacement of the bare nucleon mass with the effective one. This result entails
The ground state energy of nuclear matter at the mean field level is then deduced from Eq. (15):
The well-known mean field result by Serot and Walecka [14] for the energy density:
easily follows from Eq. (63) with the replacement p,λ /Ω → 4 d 3 p/(2π) 3 , the factor 4 being the spin-isospin degeneracy.
One-loop correction
In order to evaluate the functional integral in Eq. (54) we make the change of variable σ → i √ a σ (we do not take care of the corresponding Jacobian since we shall finally set a = 1). Thus we get
where in the last line a Gaussian integration has been performed.
The lowest order quantum mechanical correction beyond the mean field is thus obtained from the partition function:
which, as we shall see, corresponds to the one-boson-loop approximation. By using Eq. (59), the one-loop contribution to the ground state energy of nuclear matter is obtained from:
The first term in the last line is the vacuum energy of the σ boson, which is washed out by renormalization. One also identifies the first term of the sum in the second line as the Fock contribution, in which the two nucleon propagators are Hartree-dressed (see Figure 1) . The ground state energy at the one-loop level turns out to be
, where now, unlike Eq. (67), the fraction is truly algebraic. Note that the term E * F A originating from Eq. (15) does not appear in the above contribution to the energy since it has already been incorporated in the mean field result (63). Note also that the above formula coincides (up to the isospin sum) with the Brückner and Gell-Mann equation for the correlation energy of a degenerate electron gas in RPA approximation [22] . It is also apparent that, up to the counting operator (namely the integration over λ), the above formula corresponds to a closed loop of the RPA-dressed boson propagator.
Two-loop correction
By expanding Eq. (65) up to first order in the parameter a, we find the following formal expression for the partition function at the next order in the Semiclassical expansion:
Here we have defined
] is a short notation for
, and an analogous definition holds for the term with four derivatives.
The term proportional to √ a in Eq. (69) vanishes when setting the source J to 0 and we finally obtain
where, analytically,
Note that each one of the closed diagrams contributing to the Z factorizes a βΩ. Indeed, due to translational invariance, the integrands in the various terms depend upon one less space-time variable than the number of space-time integrations. Therefore, the zero temperature limit in Eq. (74) is finite, as expected, and proportional to Ω. Finally, from the two-boson-loop approximation for the partition function the ground state energy of nuclear matter is obtained as
with contributions coming from Eqs. (63), (68) and (74). By applying Eqs. (17), (18) and (19) , the binding energy, pressure and compressibility of nuclear matter are thus derived.
Perspectives
In this paper we have proposed a functional integral approach to study the static properties of nuclear matter within a fully relativistic scheme, keeping in mind, even if not explicitly considered, the QHD model developed by Serot and Walecka. First, a bosonic effective action has been constructed for a system of interacting nucleons and σ mesons. We have then evaluated the corresponding partition function through a Semiclassical expansion around the solution given by the stationary phase approximation: this allowed us to express the result in terms of a boson loop expansion. Hartree-dressed nucleons and RPA-dressed bosons have revealed themselves to be the basic elements of this BLE. The suggested scheme has been analysed at the mean field level and at the oneand two-boson-loop orders. We have presented a thorough exposition of the formal derivation of the binding energy per nucleon, the pressure and the compressibility of nuclear matter up to the second order in the BLE.
Numerical calculations at the one-and two-loop orders will be discussed in a forthcoming paper, where we shall also deal with the formal derivation of the higher orders of the BLE. In particular, in order to obtain realistic results, beside the σ meson we will have to include the ω meson, thus reproducing the original dynamical formulation of QHD. This is not a prohibitive task from the point of view of the diagrammatic content, since the basic topology of the boson loops (see Figures 4 and 5 ) is common to any meson field which can contribute to the dynamics. However, since the ω 0 component is coupled, in infinite nuclear matter, to the σ meson (due to the breaking of the Lorentz invariance induced by the infinite medium) [23] , the RPA equations, which deeply intervene in the corrections beyond the mean field, are much more involved that those presented here.
Further, the implementation of the isovector mesons ρ and δ [f 0 (980)] does not introduces additional difficulties from a technical point of view. Up to now, however, they have been handled only at the mean field level [17] .
It is worth noticing that at the mean field level no pseudoscalar and pseudovector mesons can be coupled to the nucleon density or current, since the average values of pseudoscalar and pseudovector quantities vanish. However, the situation is completely different at the one-boson-loop order. It is indeed known that the two pion exchange diagrams, with the possible simultaneous excitation of one or two intermediate nucleons to a ∆, provide a large amount of the nuclear binding. We shall explore this mechanism in the future, but we reasonably expect that a drastic change in the underlying dynamics of QHD will occur and that the gap between QHD and Bonn potential models will be further, and significantly, reduced.
